We use determinant quantum Monte Carlo to study the single particle properties of quasiparticles and phonons in a variant of the two-dimensional Holstein model that includes an additional nonlinear electron-phonon (e-ph ) interaction. We find that a small positive non-linear interaction reduces the effective coupling between the electrons and the lattice, suppresses charge-density wave (CDW) correlations, and hardens the effective phonon frequency. Conversely, a small negative nonlinear interaction can enhance the e-ph coupling resulting in heavier quasiparticles, an increased tendency towards a CDW phase at all fillings, and a softened phonon frequency. An effective linear model with a renormalized interaction strength and phonon frequency can qualitatively capture this physics; however, the quantitative effects of the non-linearity on both the electronic and phononic degrees of freedom cannot be captured by such a model. These results are significant for typical nonlinear coupling strengths found in real materials, indicating that non-linearity can have a significant influence on the physics of many e-ph coupled systems.
I. INTRODUCTION
The electron-phonon (e-ph) interaction plays an important role in many systems including conventional metals and superconductors, 1,2 organic semiconductors,
fullerenes, 5, 6 and a large number of transition metal oxides. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] In general, the e-ph interaction induces a local distortion of the lattice surrounding a carrier, resulting in quasiparticles dressed by phonon excitations known as polarons. In some cases these lattice distortions can be large and tightly bound to the electron, such that the quasiparticle has a very large effective mass m * and vanishing quasiparticle residue Z. 18 In this limit, the quasiparticle is typically referred to as a small polaron. In most models, the crossover to the small polaron regime occurs for λ > 1, where λ parameterizes the (dimensionless) strength of the e-ph interaction. When λ < 1 the carriers are still dressed by the lattice, forming large polarons where the lattice distortions are spread out over many lattice constants.
Almost all of our knowledge about the effects of the e-ph interaction has been obtained from linear models. The derivation of these models is standard. First, the e-ph interaction is expanded in powers of the atomic displacement. This is followed by a truncation of the expansion to linear order under the assumption of small lattice displacements. These same models, however, often predict the formation of small polarons or charge-densitywave (CDW) phases for sufficiently large e-ph coupling, which are characterized by large lattice displacements. For example, the displacements in the linear Holstein and Hubbard-Holstein models can be on the order of the lattice constant when CDW correlations are significant.
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This can occur even for weak values of the e-ph coupling if the Fermi surface is well nested, as is the case for the Holstein model with nearest neighbor hopping on a cubic lattice. Similarly, a small polaron can be dressed by tens to hundreds of phonon quanta, 22 implying the presence of a heavily distorted lattice surrounding the carrier. Clearly, these predictions directly violate the assumptions underlying the linear model, which is an unambiguous sign that important physics has been discarded during its derivation. 23 These considerations show that the higher order terms in the e-ph interaction are likely to be important whenever the linear term is large (or when strong nesting conditions are present). But non-linear and anharmonic effects can also be "switched on" in a weakly coupled system, if the underlying atoms of the lattice are driven far from their equilibrium positions by an external perturbation. For example, several recent experiments have exploited optical pump pulses to drive the lattice, creating large lattice deformations or exciting coherent phonon oscillations. [24] [25] [26] [27] These excited lattice states can melt various ordered phases 28, 29 or can induce transient superconducting states. 30, 31 Here, nonlinear and anharmonic phonon dynamics are thought to play a vital role in creating such transient states. 25, 30, 31 The first attempts to include higher order terms were made by Adolphs and Berciu (Ref. 23) . They considered the effects of non-linear e-ph interactions on a single polaron in the Holstein model using the momentum average approximation 22 and found that small non-linear couplings dramatically undress the quasiparticle. This was attributed to a simultaneous hardening of the bare phonon frequency and a renormalization of the bare eph coupling constant, resulting in an overall weaker effective linear interaction. Later work by some of the present authors considered finite carrier concentrations and temperatures using non-perturbative determinant quantum Monte Carlo (DQMC). 20 Here too, the presence of a nonlinear interaction was found to suppress the tendency towards the formation of CDW and superconducting states found in the linear model. It is important to note that the effects of the non-linear interactions observed in Refs. 20 and 23 are significant, even for relatively small non-linear interaction strengths. This is illustrated in Fig. 1 , which shows the suppression of the CDW correlations in the half-filled Holstein model as a function of the non-linear coupling strength.
[The degree of non-linearity is indicated by the ratio of the pre-factors of the quadratic (g 2 ) and linear (g 1 ) interaction terms ξ = g2 g1 , see Sec. II A.] Here, the charge susceptibility provides a measure of the strength of the CDW correlations. It is defined as
whereρ(q) = i,σ e iq·Rin i,σ , andT τ is the time-ordering operator. In this case, the well-known 32, 33 tendency for the linear model to form a Q = (π/a, π/a) CDW at halffilling is suppressed for ξ as small as ∼ 0.02 − 0.05.
The suppression of χ C (q) for small ξ is noteworthy because this ratio is typical of many models used to parameterize e-ph interactions in real materials. In the transition metal oxides, for example, electrons can couple strongly to oxygen bond stretching modes via the modulation of the near-neighbor transition metal 3d-oxygen 2p (TM-O) hopping integral t pd , which depends on the TM-O bond distance. 13, 34 If d is TM-O bond distance and d 0 is its equilibrium value, then this coupling mechanism leads to terms in the Hamiltonian of the form
where the c i,σ (p j,σ ) operators act on the TM 3d and O 2p orbitals, respectively. The hopping integral has a typical dependence t pd ∼ (d/d 0 ) −β , with β = 3.5. 34 Expanding this dependence to second order in powers of (d − d 0 ) gives
where
. (The zeroth order terms are included in the non-interacting terms of the Hamiltonian). Taking typical values 35 for the various parameters in transition metal oxides, one arrives at a ratio of |ξ| ∼ 0.05. Therefore real materials have intrinsic non-linear interactions that are large enough to be relevant when the linear coupling is strong. For this particular coupling mechanism the sign of ξ is negative, however, this is not guaranteed for all coupling mechanisms.
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In this paper we expand upon our previous work examining the impact of non-linear interactions on the CDW and superconducting phases of the Holstien model. 20 We present results for the single-particle electronic and phononic properties of the model, thus providing a more comprehensive picture of the effects of non-linearity. Since DQMC is formulated in the grand canonical ensemble, we are able to examine these properties at finite temperatures and carrier concentrations for the first time. We find that the inclusion of a non-linear interaction renormalizes both the effective frequency of the Holstein phonon and the effective e-ph coupling strength, resulting in significant changes in both the electronic and phononic properties of the model. Furthermore, we demonstrate that while the qualitative effects of the nonlinearity can be framed in terms of an effective linear model, the quantitative effects on both the electronic and phononic properties of the model cannot be. This conclusion requires an examination of both the electronic and phononic properties, and thus cannot be arrived at by considering electronic properties only. Our results reenforce the notion that the full non-linearity must be included in order to obtain an accurate picture of both the electronic and phononic degrees of freedom whenever strong linear e-ph interactions are present.
II. METHODS

A. The Non-linear Holstein Model
We study a variant of the Holstein model that includes additional non-linear interaction terms. The Hamiltonian is partitioned as
contains the non-interacting electronic terms,
contains the non-interacting lattice terms, and
contains the interaction terms to k th order in the atomic displacement. Here, c † i,σ (c i,σ ) creates (annihilates) an electron of spin σ on lattice site i; b † i (b i ) creates (annihilates) a phonon on lattice site i;n i,σ = c † i,σ c i,σ is the number operator; µ is the chemical potential; t is the nearest-neighbor hopping integral; M is the ion mass; Ω is the phonon frequency;X i andP i are the lattice position and momentum operators, respectively; and
2 is the strength of the e-ph coupling to k th order in displacement.
The non-linear Holstein model is characterized by several dimensionless parameters, and the specific choice in parameterization is not unique. Here, we follow the convention used in previous works, 20, 23 where the usual dimensionless parameter
1 /(4tΩ) parameterizes the linear coupling strength and ξ k = g k /g k−1 parameterizes the non-linear interaction terms. This choice provides a convenient interpretation with large λ implying a strong linear interaction and large ξ k implying strong non-linear effects. In the linear model (ξ k = 0) λ > 1 implies the formation of small polarons. Thus this choice of parameterization is also useful for making comparisons to our expectations gained from studying the linear model.
B. Determinant Quantum Monte Carlo
We use DQMC to study the non-linear Holstein model. The details of the method are given in several references (see for example Refs. 37 -39) and the specifics for handling the lattice degrees of freedom can be found in Refs. 19, 20, and 32.
In our calculations we keep g 1 > 0 without loss of generality. Furthermore, Ref. 23 examined terms to 4 th order in the interaction and found that the largest effect was produced by the 2 nd order terms. We expect a similar result here and restrict ourselves to k = 2 while defining ξ = g2 g1 . Throughout this work we examine twodimensional square lattices with a linear dimension N (a total of N × N sites) and set a = t = M = 1 as our units of distance, energy, and mass, respectively. We typically work on lattice sizes ranging from N = 4 to 8 in size. In general we do not observe significant finite size effects, 20 which is likely due to the local nature of the interaction in the model.
The Holstein model and its non-linear extension do not suffer from a fermion sign problem. 38, 40 We are therefore able to perform simulations to arbitrarily low temperatures, 20 however, we find that most of the physical properties we are interested in here can be examined for β = 4/t. We use this temperature for all plots in this work unless stated otherwise and present results for an imaginary time discretization of ∆τ = 0.1/t. In all of our simulations we have not observed any significant ∆τ errors introduced by this choice.
C. Analytic Continuation
The DQMC calculation provides the phonon Green's function D(q, τ ) = TX q (τ )X −q (0) measured on the imaginary time axis. The phonon Green's function is related to the phonon spectral function on the real axis by the integral equation
This equation also provides a normalization condition for B(q, ω). In section III C we examine the phonon spectral properties of the non-linear Holstein model, which requires that the phonon Green's function be analytically continued to the real frequency axis. This is accomplished with the Maximum Entropy method (MEM).
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The analytic continuation procedure is identical to the one given in Ref. 42 and the reader can refer to there for details. MEM requires a model default function to define the entropic prior. We adopt a momentum-independent Lorentzian model, which is peaked at the renormalized phonon frequency predicted by the mean-field treatment of the non-linear interaction Ω M F = Ω + 2g 2 (see section III D) and of width t. Our results are robust against reasonable changes in this choice of default function.
III. RESULTS AND DISCUSSION
Our results for the single-particle electronic and phononic properties of the non-linear Holstein model are presented in this section. We will begin by first examining the renormalization of the quasiparticles as a function of doping, temperature, and phonon energy. We then examine how the interplay between the quasiparticles and renormalized phonons affect the energetics of the system. Following this, results are presented for the renormalization of the phonons. Finally, after all of these effects are examined, we demonstrate that the simultaneous renormalization of the electronic and phonic subsystems cannot be quantitatively captured by an effective linear model. Combined, these results paint a more detailed picture of how both the quasiparticles and phonons are renormalized by the non-linear e-ph interaction, which cannot be obtained by examining only one of these subsystems. In the following sections we consider results for the case ξ > 0. Considerations of the ξ < 0 case are presented in Sec. III E.
A. The quasiparticle residue
We begin by examining the polaron's quasiparticle reside Z(k) as a function of the non-linear coupling strength and doping. This quantity is related to the effective mass via Z −1 ∝ m * m . It can be obtained from the imaginary axis self-energy Σ(k, iω n ) using the relationship 43 where
Here, we approximate b(k) by evaluating Eq. (9) for the lowest Matsubara frequency ω n = π/β. Fig. 2 shows Z(k) as a function of carrier concentration for several values of the non-linear coupling ξ. These results were obtained on an N = 4 cluster, using a linear coupling strength λ = 0.25 and Ω = t. In the linear model (ξ = 0, red dots) the quasiparticle residue decreases as the filling approaches n = 1, where the Q = (π, π) CDW correlations begin to dominate the system (Fig. 1) . Note that strong CDW correlations are observed, even for the small value of the linear coupling used here, due to a perfect (π, π) nesting condition in the two-dimensional Fermi surface. This nesting condition also results in strong lattice displacements in the linear model. As a result, the inclusion of the non-linear terms has a significant effect on the quasiparticle residue where, for ξ > 0, a significant undressing of the polarons occurs and the quasiparticle residues at all momenta begin to rise. This occurs at all doping, however, the effect is more pronounced near half-filling. (Our ξ = 0 results are in good agreement with Ref. 44 , which examined larger system sizes using a complementary diagrammatic Monte Carlo method.) The formation and suppression of the CDW gap is also reflected in the spectral weight at the Fermi level, which can be obtained from the local imaginary time Green's function βG(r = 0, τ = β/2) ≡ βG β/2 .
45 Fig. 3a plots G β/2 as a function of filling n for the same parameters used in Fig. 2. Fig. 3b plots similar results obtained on a larger cluster and at lower temperature, where the qualitative behavior is the same. The spectral weight in the linear model initially grows with increasing carrier concentration, but saturates as the concentration approaches half-filling and CDW correlations begin to dominate. When a non-linear interaction is introduced, however, G β/2 increases at most fillings, which is most pronounced near n ∼ 1. (The dip around n = 0.6 is a finite size effect due to the smaller number of momentum points in the N = 4 cluster. It is much less pronounced on the larger N = 8 cluster.) This spectral weight increase directly reflects the increase in the quasiparticle residue and the suppression of the CDW correlations. Previously we showed that a large non-linear coupling drives the system into a metallic state at half-filling, with the value of βG β/2 approaching the non-interacting value. 20 The results in Fig. 3 indicate that this also occurs for carrier concentrations away from half-filling.
The results presented in Figs. 2 and 3a are obtained on a N = 4 cluster; however, they are qualitatively representative of the results obtained for all examined cluster sizes, as hinted at by comparing Figs. 3a and 3b. To confirm this, in Fig. 4 we perform a finite size scaling analysis for Z(0, π) at half-filling, where the reduction in Z by CDW correlations is most pronounced. From this analysis it is clear that the qualitative behavior is not affected by finite size effects and survives in the thermodynamic limit. Moreover, the more pronounced finite size effects occur when the non-linear interaction is weak. As similar scaling results were obtained for both the charge susceptibility and the electron spectral weight in our previous work, 20 we conclude that the qualitative physics of the non-linear model can be obtained on an N = 4 cluster.
In Fig. 5a we consider the temperature dependence of Z(k) and average displacement of the lattice
L l=1 X i,l for the half-filled model. Here, results for Z(0, π) only are shown, since similar trends were found at all momenta. Focusing first on the linear model, we find that Z(0, π) decreases with temperature as the CDW correlations begin to set in. The average lattice displacement, however, does not exhibit the same temperature dependence (see inset of Fig. 5a ).
46 As the nonlinear interaction strength grows, however, the quasiparticle residue increases back towards its non-interacting value. For small ξ this rise is somewhat rapid, but it gives way to a more gradual increase for ξ > ∼ 0.1. The increase is also accompanied by a decrease in the average lattice displacement (inset of Fig. 5 ). This behavior mirrors the observed ξ-dependence of the CDW susceptibility, and is consistent with the conclusion that a finite ξ > 0 undresses the carriers and relaxes the lattice distortions normally present in the linear model.
The Ω-dependence of Z(π, 0) and X for the same model are shown in Fig. 5b . Here, the ξ = 0 results are consistent with those obtained for the 1D Holstein model, where the tendency to form a CDW grows with decreasing phonon frequencies. 47 Consequently, both the quasiparticle residue and average lattice displacement decrease as the value of Ω increases. The introduction of ξ > 0 results in the further decrease in these quantities.
From this section we conclude that the non-linear interaction with ξ > 0 acts to undress the quasiparticles and that this is a generic result, regardless of the values of Ω and β. The undressing, however, is much more pronounced at low temperatures, for smaller values of the phonon frequency, and near half-filling, where the CDW correlations (and subsequently the local lattice displacements) are largest in the linear model.
B. Electron and Phonon energetics
The average kinetic energy of the electronic subsystem KE el = −t i,j ,σ c † i,σ c j,σ at β = 4/t is shown in Fig.  6 . Results are shown as a function of band filling n for various ξ and for a linear coupling λ = 0.25. For ξ = 0 the total kinetic energy − KE e increases as a function of n as higher momentum states are populated in the Fermi sea, however, the total kinetic energy saturates as the filling increases beyond n > 0.6. This is due to the saddle point in the band dispersion at (0, π) and is also present in the non-interacting model (indicated by the dashed line). When the non-linear interaction is added we see an overall increase in the total kinetic energy, which tends towards the non-interacting value at all fillings for large ξ. This again reflects the undressing of the quasiparticles and the subsequent increase in mobility of the electronic subsystem. Fig. 6b shows the corresponding e-ph interaction energy, defined as E e−ph = i g 1niXi +g 2niX 2 i . Unsurprisingly, the total e-ph interaction energy increases with band filling as both the average number of electrons per site and the average lattice displacement increase. This is most evident in the linear model (ξ = 0). Increasing the value of ξ naturally leads to smaller lattice displacements and a significant decrease in E e−ph .
The average kinetic KE ph and potential PE ph energies of the lattice are shown in Figs. 7a and 7b , respectively. They are given by
(The factor of the imaginary-time axis. 19 ) In the linear model we see a very weak variation in the phonon kinetic energy as a function of filling, with a slight decrease observed near half-filling when the CDW correlations increase. This is consistent with prior observations of the lattice kinetic energy in the vicinity of a CDW transition in the Hubbard-Holstein model. 19 The average potential energy of the lattice grows as the average number of carriers per site increases. When the non-linearity is introduced and the lattice distortions diminish (see 5b, inset), we see an increase in the lattice kinetic energy, which is attributed to the hardening of the phonon dispersion. At the same time, we see a decrease in the total lattice potential energy. Here, the non-linear interaction has two opposing effects: the increase in the phonon frequency increases the lattice potential energy while the decrease in the effective linear coupling decrease the net lattice distortions and subsequently lowers the potential energy. Our results indicate that the latter effect has the stronger impact.
The energetics reported here are completely consistent with the conclusion that the non-linear interaction acts to harden the phonon frequency and weaken the effective linear interaction, which results in an undressing of the Holstein polaron for ξ > 0.
C. Phonon Spectral Properties
In the linear Holstein model the formation of the CDW phase is accompanied by a softening of the phonon dispersion to zero energy at the nesting wavevector Q = 2k F = (π, π). 42, [48] [49] [50] This softening is generated by the strong nesting condition of the non-interacting Fermi surface. The inclusion of the non-linear e-ph interaction is therefore expected to modify the phonon dispersion in two important ways: first, it will undo the softening at Q as the CDW correlations are suppressed. Second, it will result in an overall renormalization of the phonon frequency, as discussed in the introduction. We confirm these expectations in this section by examining the phonon spectral function B(q, ν) and the phonon density of states (DOS) N ph (ν) = 1 N 2 q B(q, ν).
In the non-interacting limit, B(q, ν) and N ph (ν) are delta functions centered at the bare phonon frequency Ω. In the presence of a non-zero linear interaction only, this distribution shifts to lower energy and broadens. This is illustrated in Figs. 8 and 9a , which plot N ph (ν) and the momentum-resolved phonon spectral function B(q, ν), respectively, for the half-filled model. These results were obtained on N = 8 clusters, with a linear coupling λ = 0.25, Ω = t, and at an inverse temperature of β = 4/t. Due to the finite value of λ, the phonon frequency softens from its non-interacting value and N ph (ν) for the linear model consists of a broad, asymmetric distribution centered at ∼ 0.60t. The asymmetry in N ph (ν) reflects the momentum dependence of the softening and the low-energy spectral weight in B(Q, ν), coupled with the requirement that B(0) = 0 for bosons. This is more easily seen in the momentum-resolved spectral function (Fig. 9a) , which has a clear Kohn anomaly at Q = (π, π).
Two prominent changes occur when ξ = 0. First, the peak in the DOS shifts to higher energies, which verifies the hardening of the effective phonon frequency. This behavior is also clearly seen in the momentum resolved spectral functions, shown in Fig. 9 . Second, the pronounced Kohn anomaly begins to disappear as the CDW correlations are suppressed with increasing values of ξ. Both of these results confirm our expectations. 
D. Mean-field Treatment of the quadratic e-ph interaction
As we have repeatedly seen, the non-linear e-ph interaction acts to renormalize both the bare linear interaction strength λ and the bare phonon frequency Ω. Both of these effects can be qualitatively understood at the mean-field (MF) level for the quadratic model, where an effective linear Hamiltonian is obtained by performing a MF decoupling of the interaction terms proportional to
23 The resulting effective MF Hamiltonian is
where Ω M F = Ω + 2g 2 and g M F = g 1 (1 − 2g2 Ω+4g2 ) are the renormalized phonon frequency and e-ph coupling constants, respectively. One immediately sees that the quadratic e-ph interaction leads to a softening (hardening) of the phonon frequency and an increase (decrease) in the effective linear interaction strength g 1 for ξ < 0 (ξ > 0). These two effects combine to produce an overall increase (decrease) in the strength of the effective dimen-
. The MF treatment of the non-linear interaction is consistent with the general trends reported here and in Refs. 20 and 23. We stress, however, that the MF description only provides a qualitative picture of the non-linear effects. To illustrate this, we compare our DQMC results for the full non-linear Hamiltonian against the predictions obtained from two sets of effective linear models. The first is the MF-derived model defined by Eq. (12) . The second is the set of effective linear models whose parameters are obtained by tuning the Ω ef f and g ef f to reproduce the electronic properties of the system.
We consider the MF-derived model first. Fig. 10 compares the results for the quasiparticle residue, χ C (π, π), and the pair-field susceptibility χ SC calculated using the full non-linear model [Eq. (4)] to results obtained from a DQMC simulation of the corresponding MF-derived linear model [Eq. (12) ] at half-filling. We find that the MF model does a poor job in quantitatively capturing the electronic properties; it underestimates both the quasiparticle residue Z(0, π) and the tendency towards the formation of a CDW when compared to the full non-linear model. The MF model also over-predicts the magnitude of the superconducting pair-field susceptibility when ξ is large and under-predicts it when ξ is small. The results shown in Fig. 10 demonstrate that the MF treatment of the quadratic interaction can only provide a qualitative picture of the physics of the non-linear model; however, another choice in effective model might do a better job. We explored this possibility by adjusting the effective coupling strength in the linear model such that the linear model reproduce the electronic properties of the full non-linear model. This procedure was performed for two choices in the phonon frequency. First, we set the phonon frequency equal to the bare value and adjusted the value of the coupling strength to reproduce the quasiparticle residue, as shown Fig. 11a . The value of the linear coupling strength g ef f needed to produce this agreement is shown in the inset (black solid ), where it is compared against the corresponding value of g M F = g 1 + 2g 2 . By tuning the value of g ef f we are able to accurately capture the quasiparticle residue. The charge and superconducting pair-field susceptibilities are also well reproduced, indicating that this effective model is capable of capturing the electronic properties of the system. But when we examine the phonon properties (Figs. 11c & 11d) we find some disagreement, particularity with respect to the predicted kinetic energy of the lattice, where the linear model systematically underpredicts the correct results. The comparison between the two models can be improved somewhat if we set the phonon frequency to be equal to Ω M F and again readjust the value of g ef f . This case is shown in Fig. 11e -h. Using this choice we are again able to accurately capture the electronic properties and improve the comparison between the kinetic energy. But this comes at the expense of the level of agreement between the average lattice potential energy and the average lattice displacement. From this we conclude that an effective linear model cannot capture both the electronic and phononic properties of the non-linear model, for a fixed value of the phonon frequency. These results show that while the qualitative effects can be understood using an effective linear model, the full non-linear interaction should be retained if one wishes to accurately capture the effects of the non-linear interaction on both the phononic and electronic properties of the system. A similar conclusion was reached in Ref. 23 in the single carrier limit.
E. Negative values of ξ
We have shown that a positive (ξ > 0) non-linear coupling results in a hardening of the phonon frequency and a renormalization of the effective linear e-ph coupling to weaker values. But what about the case when ξ < 0, where the MF model predicts an enhanced effective linear coupling? Before examining this case, we note that a large negative ξ necessarily requires the inclusion of additional anharmonic terms in the lattice potential.
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For ξ < 0 (g 2 < 0) the phonon frequency given by Ω ef f = Ω + 2g 2 can become negative for sufficiently large values of g 2 , indicating an instability in the lattice. In this event the anharmonic terms of the lattice potential are required to maintain stability. At present, our codes do not contain such terms and we are unable to examine this case in great detail. We therefore restrict ourselves to a larger value of Ω = 2t and small values of |g 2 | in order to get a feel for the g 2 < 0 regime while ensuring the stability of the lattice. Fig. 12a shows the quasiparticle residue, χ C (π, π), and χ SC as a function of band filling for various values of ξ < 0. These results were obtained for a linear coupling of λ = 0.25 and on an N = 8 cluster. We find that the quasiparticles are more effectively dressed when ξ < 0, and the quasiparticle residue is much smaller for all fillings when increasing negative quadratic interactions are included. The CDW correlations are also significantly enhanced, as reflected in the charge susceptibility shown in Fig. 12b . Both of these observations are in line with the expected increase in the effective linear coupling. Furthermore, since the CDW phase directly competes with s-wave superconductivity, the pair-field susceptibility is suppressed at filling values where the CDW correlations dominate. In addition, we also see a noticeable decrease in the pair-field susceptibility at band fillings where the CDW does not dominate. This suggests that the negative non-linear interaction has a detrimental effect on the superconducting transition temperature, which stems from the decrease in the quasiparticle residue. Fig. 13 plots the momentum dependence of the charge susceptibility χ(q) as a function of negative ξ at half filling, where it is clear that the dominant CDW correlations are still being set by the Fermi surface nesting condition.
IV. SUMMARY AND CONCLUSIONS
We have examined the role of non-linear e-ph interactions in shaping the single-particle electronic and phononic properties of Holstein polarons at finite carrier concentrations and temperatures using DQMC. We find that the inclusion of a positive non-linear interaction term serves to undress the polaron leading to carriers with lighter effective masses. This leads to changes in the energetics of both the electrons and phonons, as well as the relaxation of the local lattice distortions surrounding each carrier. This is due to a simultaneous hardening of the phonon frequency and renormalization of the effective linear coupling to smaller values. We have also examined the case when the quadratic e-ph interaction has the opposite sign as the linear interaction, although this case cannot be explored in detail without the inclusion of additional anharmonic terms in the lattice potential. Nevertheless, in our limited range of accessible parameters, we find that a quadratic interaction results in an increased dressing of the carriers and an enhanced tendency towards the formation of a Q = (π, π) CDW ordered phase.
While many of the effects we have discussed can be understood qualitatively at the mean-field level, we have demonstrated that the quantitative effects can only be captured by the full non-linear model. Specifically, the effective linear models fail to simultaneously capture the electronic and phononic properties. Therefore the full non-linear model must be retained if one wishes to accurately capture the properties of the electrons and the phonons. Our results are in good agreement with the results obtained in the single particle limit, 23 and show that non-linearities are relevant at finite carrier concentrations. 
